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today’s goals & outline

1. recap: the Thesis and probability of conditionals

2. introduce Lewis’s original triviality argument for indicatives

3. show how the argument can be generalized/reformulated,

following work by Richard Bradley and others

4. introduce our first triviality result for counterfactuals (due to

Williams 2012)
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—but it will probably rain for the rest of the week

(atmospherically and philosophically).
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recap

The Thesis

For all c that model rational credence, and for all A,B s.t.

Pr(A) > 0:

c(A→ C) = c(C |A)

two kinds of argument for the Thesis

I intuitions about cases

I follows from two plausible principles about credence

(probabilistic centering and independence)
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conditional chance-credence principles

we looked for counterfactual counterparts of the Thesis

3 attempts:

I subjunctive probabilities

cA(B) = credence in B, on the subjunctive supposition that A

I Skyrms’ Thesis (modified)

c(A > B) =
∑

ch∈CH
c[χ(ch)] · ch(B | A)

I counterfactual Principal Principle

ic(A > C | Hw
t & Tw) = chw ,t(C | A)

6 / 44



conditional chance-credence principles

the difference btw Skyrms’ Thesis and the CPP:

I Skyrms’ Thesis constrains your current credences

I CPP only directly constrains your initial credence function

(from when you were a superbaby)

I the extra modesty of CPP might help it dodge some points

that create problems for Skyrms’ Thesis
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Lewis on triviality
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triviality: warmup

recall that PC and Independence entail the Thesis:

Probabilistic Centering (PC): Pr(A→ B∧A) = Pr(A∧B)

Independence: Pr(A→ B | A) = Pr(A→ B)

Graphically, this means that the conditional is located here:

A Ā

B

B̄

A→ B
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triviality: warmup

crucial properties:

I pA→ Bq is true throughout the AB region and nowhere within AB̄

I the probability at the Ā-region that is equal to Pr(B | A).

A Ā

B

B̄

A→ B
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triviality: warmup

We can manipulate the probability distribution in ways that don’t

affect Pr(B | A), but affect Pr(A→ B). E.g. we conditionalize Pr on A∪ B:

A Ā

B

B̄

A→ B

I we have Pr ′(B |A) = Pr(B |A), but Pr ′(A → B) < Pr(A → B).

I so, starting from a probability distribution (Pr) that conforms to

the Thesis and conditionalizing, we reach another probability

distribution that violates it
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closure

an extra assumption: closure under conditionalization

I let C be the set of rational probability functions

I a closure condition: if Pr is in C, then, for any C, also the

probability function Pr(• | C) that we get by conditionalizing

Pr on C is in C

Closure. ∀C : Pr(•) ∈ C ∧ Pr(C) , 0⇒ Pr(• | C) ∈ C

closure follows from two seemingly innocent assumptions:

(i) conditionalization is a rational update procedure

(ii) any sentence represents a possible total body of evidence
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Lewis triviality

now we can state Lewis’s first triviality result:

Lewis Triviality

If the class of rational probability functions is closed under

conditionalization, and if Stalnaker’s Thesis holds, then, for any

sentences A,B,Pr such that Pr(AB) > 0 and Pr(AB̄) > 0,

Pr(B | A) = Pr(B).

I this is bad: it establishes that B is probabilistically

independent of A, for (almost) any A,B!

I any suggested counterexamples?

I here is one; consider: Pr(die landed on 3 | die landed odd)
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Lewis triviality

Lewis uses the Law of Total Probability (aka, “expansion”). Suppose

Pr(AB) > 0, Pr(AB̄) > 0 and Pr(A→ B) = Pr(B | A).

Step 1. By LTP, we have:

(i) Pr(A → B) = Pr(A → B |B) · Pr(B) + Pr(A → B |B̄) · Pr(B̄)

Step 2. Lewis then proves two Lemmas (via the Thesis):

(L1) Pr(A → B |B) = 1

(L2) Pr(A → B |B̄) = 0
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Lewis triviality

Step 3. Substituting into Step 1 yields:

(ii) Pr(A → B) = Pr(A → B |B)︸          ︷︷          ︸
1

·Pr(B) + Pr(A → B |B̄)︸          ︷︷          ︸
0

·Pr(B̄)

= 1 · Pr(B) + 0 · Pr(B̄)

= Pr(B)

Step 4. By the assumption that Pr(A → B) = Pr(B |A), we have:

(iii) Pr(B |A) = Pr(B)
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Lewis triviality

Establishing (L1) (the same reasoning will work for (L2)):

For any Pr ,A ,B ,X ,Y (assume Pr(AB) > 0 throughout):

1. PrX (Y) = Pr(Y |X) definition

2. PrX (A → B) = PrX (B |A) Thesis, Closure

3. PrB (A → B) = Pr(A → B |B) From 1

4. PrB (A → B) = PrB (B |A) From 2

5. Pr(A → B |B) = PrB (B |A) From 3,4

6. PrB (B |A) = Pr(B |AB) = 1 (next slide!)

7. Pr(A → B |B) = 1 From 5,6
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Lewis triviality

Proof od step 6:

Pr|B (B |A) =
Pr |B (BA)

Pr |B (A)
=

Pr(BA |B)

Pr(A |B)
=

Pr(AB)

Pr(B)

Pr(AB)

Pr(B)

=
Pr(AB)

Pr(B)
· Pr(B)

Pr(AB)
=

Pr(AB)

Pr(AB)
= Pr(B |AB) = 1
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Lewis triviality

Some standard reactions:

1. Deny Pr(A → B) = Pr(B |A). Conditionals have probabilities,

they just aren’t the probabilities we thought they were

(Lewis 1976, Jackson 1979).

2. Deny Step 1; LTP doesn’t apply to conditionals.

Conditionals don’t have probabilities, at least in the sense

you thought (Adams 1975, Edgington 1995, Bennett 2003).

3. Deny Stalnaker Across Conditionalization. Conditionals

have probabilities that are often equal to their

corresponding conditional probabilities, but this doesn’t

generalize across conditionalization (van Frassen 1976).
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triviality without the Thesis
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generalizing triviality

a taster of a larger debate: generalizations of triviality

a not-enough-sung hero of triviality: Richard Bradley (LSE)
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Bradley on triviality

Richard Bradley has contributed a number of triviality proofs:

I none of the proofs rely on Stalnaker’s Thesis

I rather: Bradley derives triviality by imposing weaker, and

independently plausible constraints on credences in

conditionals and related claims

I the moral: discarding Stalnaker’s Thesis won’t solve all our

problems; there is a broader issue with the interplay

between modal and probabilistic notions
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a poll

suppose you learn that Manchester United just lost its first

Premier League game this season. Manchester City played too,

but you don’t know what they did.

question: what credence do you have in the following

conditional?

(1) If Man City won, Man United lost.
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another poll

suppose you learn that Manchester United just won its first

Premier League game this season. Manchester City played too,

but you don’t know what they did.

question: what credence do you have in the following

conditional?

(2) If Man City won, Man United lost.
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recasting Lewis: Bradley

In Lewis, the appeal to the Thesis only serves to derive:

(L1) Pr(A → B |B) = 1

(L2) Pr(A → B |B̄) = 0

Bradley suggests endorsing directly:

Cond-cert

For any Pr modeling rational credence, then, if Pr(A) > 0:

(a) If Pr(C) = 1, then Pr(A→ C) = 1
(b) If Pr(C) = 0, then Pr(A→ C) = 0

From (a) and (b), via Closure, we get:

(a’) PrC(A→ C) = 1 (b’) PrC̄(A→ C) = 0
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recasting Lewis: Bradley

starting from Cond-cert, it’s easy to prove that the probability of

a conditional must equal the probability of the consequent

1. Pr(A → C) =

2. Pr(A → C ∧C) + Pr(A → C ∧ C̄) = (total probability)

3. Pr(A → C | C)× Pr(C) + Pr(A → C | C̄)× Pr(C̄) (def of Pr(· | ·))

4. 1× Pr(C) + 0× Pr(C̄) = (via (a’) and (b’))

5. Pr(C)

I what we have derived is the same result as Lewis, but

without starting from the Thesis

I the point can be generalized further
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triviality generalized

I An observation: the particular content of the sentences in

Cond-cert is not used at all in the Bradley proof.

I As a result, it’s easy to generalize the proofs. Take any
sentences X , Y ; suppose that we have the following
constraints:

a. If Pr(X) = 1, then Pr(Y) = 1
b. If Pr(X) = 0, then Pr(Y) = 0

I Then we can show that Pr(X) = Pr(Y).
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triviality generalized

An example. We can prove:

Pr(A ⊃ C) = Pr(A → C) (Provided Pr(A ∧C) > 0)

Starting from:

Prob-Or-to-If. For any Pr modeling rational credence,

then, if Pr(A ∧C) > 0:

(a) If Pr(A ⊃ C) = 1, then Pr(A → C) = 1
(b) If Pr(A ⊃ C) = 0, then Pr(A → C) = 0
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modal triviality

I One dimension of generalization: we get triviality from

probabilistic constraints other than Stalnaker’s Thesis.

I A second dimension: we can get triviality results for all

epistemic modals, not merely conditionals.

a result from Russell & Hawthorne: starting from Might and

from the assumption that the class of rational credence

functions is closed under conditionalization, we can prove that

¬A and ^A are incompatible.
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counterfactual triviality: Williams’ proof
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the strategy for counterfactual triviality

Williams’ idea: nothing in triviality proofs relies on the semantics for

indicatives; so we can reproduce them for counterfactuals!

The overall strategy:

i. start from a version of Skyrms’ Thesis

ii. derive a Thesis-like principle about chance

iii. motivate a closure assumption about chance

iv. run a Lewis-like triviality result using the above
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norms for counterfactual supposition

starting point: an attitude of counterfactual supposition.

Supposition is a kind of mental activity familiar to all of us.

We might suppose that our train won’t arrive in order to form

a contingency plan for that eventuality, and

believe-under-that-supposition that the best thing to do is to

take a cab.
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norms for counterfactual supposition

an assumption: there is a normative connection between this

attitude and beliefs in conditionals:

Counterfactual Ramsey Test. cw ,t(A� B) = cA
w ,t(B)

What a Ramsey Identity asserts is a normative connection

between two distinct mental states: for fully rational agents,

the degree of suppositional belief in B on A and the

corresponding categorical credence in ‘if A then B’ (/‘if were

A then B’) should coincide. It is perfectly possible for agents

to have degrees of belief in conditionals that diverge from

the corresponding suppositional credences—but if the

Ramsey Identities are correct, this is a form of irrationality.
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norms for counterfactual supposition

incidentally: weaker versions of CRT will also create trouble:

Counterfactual Ramsey Bound. c(A� B) ≤ cA(B)

Counterfactual Ramsey Zero. If cA(B) = 0, then c(A� B) = 0

we focus on the triviality argument we gets from CRT, but we

could run analogous proofs with CRB and CRZ

33 / 44



skyrms’ thesis, again

a further assumption: a version of Skyrms’ Thesis

cA(B) =
∑

ch∈CH
c[χ(ch)] · ch(B | A)

I for the right-hand side, we are using our version of Skyrms’

Thesis from L2

I for the left-hand side, we are using Williams’ ‘suppositional

probabilities’
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informed skyrms’ thesis

I assume: we have an agent who is ideally informed about the

chance function

I so, for this agent, Skyrms’ Thesis reduces to the simple equation:

Informed Skyrms’ Thesis. cA
w ,t(B) = chw ,t(B | A)

I we’re going to use this as a premise in the triviality proof
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principal principle for informed agents

recall the Principal Principle:

Principal Principle. ic(A |Hw
t & Tw) = chw ,t(A)

I suppose that, in addition to being ideally informed about

chances, at t our agent has learned with certainty all

history up to t (i.e. she has learned Hw
t & Tw )

I then via the Principal Principle, her credences at t are

constrained as follows:

cw ,t(A) = chw ,t(A)

I in particular, we get the instance:

cw ,t(A� B) = chw ,t(A� B)
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the chancy equation

now, putting together the three equations:

cw ,t(A� B) = cA
w ,t(B)

cA
w ,t(B) = chw ,t(B | A)

cw ,t(A� B) = chw ,t(A� B)

we get the following:

Chancy Equation. chw ,t(B | A) = chw ,t(A� B)

what does this remind you of?

a chance equivalent of the Thesis!

(from now on, we’ll drop the subscripts)
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closure for chances

we need one more assumption: a closure principle for chances

Closure for Chances (CfC)

Given that ch is a chance distribution at t , and given an

arbitrary sentence X, there are worlds w ′, w ′′ and times t ′ and

t ′′ such that chX = ch(• | X) is the objective chance distribution

at w ′, t ′ and chX̄ = ch(• | X̄) likewise at w ′′, t ′′

I notice: CfC only says that, given that there Ch is the

chance function of w at t , there is some world or other such

that ChX is the chance function (not that this second world

has to be close/similar to w in any way)
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closure for chances

why believe CfC?

I a standard assumption about chances (defended by Lewis

himself): chances evolve by conditionalization

I i.e.: chances at a given time arise from earlier chance

distributions by conditionalizing on what has in fact

occurred in the intervening period

maybe this won’t give us a full closure principle. but, as long as

closure holds in some cases, we will be able to run some

instances of the triviality argument!
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re-running the lewis proof

now we run an argument analogous to lewis’s:

i. ch(A� C) =
ii. ch(A� C | C)× ch(C) + ch(A� C | ¬C)× ch(¬C) =
iii. chC(A� C)× ch(C) + chC̄(A� C)× ch(¬C) =
iv. chC(C | A)× ch(C) + chC̄(C | A)× ch(¬C) =
v. 1× ch(C) + 0× ch(¬C) =
vi. ch(C)

This result is as bad as the previous one!
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resistance strategies

Resistance strategies:

I Challenging Closure (Williams’ preferred way out)

I Challenging some of the assumptions, including CRT and

the Principal Principle

I . . .
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looking ahead

next steps:

I ways out of the Williams result

I but, further trouble lies ahead

42 / 44



lecture 4
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Counterfactuals seem to be governed by two logical principles.

On the one hand, a conditional analog of Excluded Middle

seems to hold for might-counterfactuals. On the other, would

and might counterfactuals seem to be duals.

Conditional Excluded Middle. (CEM) � (A > B)∨ (A > ¬B)

Duality. (A > B) � ¬(A� ¬B)

In support of CEM: notice that importing and exporting negation

out of the consequent of a counterfactual seems to have no

effect on truth conditions. For example, the sentences in (1)

appear to be equivalent.

.

a. It’s not the case that, if Frida had taken the exam, she

would have passed.

b. If Frida had taken the exam, she would not have passed.

This is predicted by semantics that validate CEM, but is left

unexplained otherwise. In support of Duality: conjunctions of

the form (A > ¬B)∧ (A� B) appear to be inconsistent.

. If Frida had taken the exam, she would have passed; but, if she

had taken the exam, she might have failed.

Unfortunately, it’s easy to prove that, given minimal background

principles, and assuming that the logic is classical, CEM and

Duality lead to a collapse: A > B and A� B turn out to be

equivalent. The A > B � A� B direction is uncontroversial; as

for the other direction:
i. A� B Assumption
ii. A > ¬B Supposition for conditional proof
iii. A > ¬B∧A� B (i, ii, ∧-Introduction)
iv. ⊥ (iii, IMC)
v. ¬(A > ¬B) (ii-iv, Reductio)
vi. A > B (v, CEM, Disjunctive syllogism)

Simple Collapse. Simple collapse is a probabilistic counterpart

of the above result. The main assumptions needed are Duality

and Subjunctive Ramsey. In addition, I also use a basic

principle about suppositional credence.

Subjunctive Excluded Middle (SEM). PrA(B) + PrA(¬B) = 1

Differently from its counterpart in conditional logic, SEM is

uncontroversial. It is part and parcel of any existing construal

of suppositional credence, and it is an immediate consequence

of the claim that subjunctive credences are probabilistic.

With these assumptions in the background, we can state the

result:
Simple Collapse. Assume Duality and Subjunctive

Ramsey. Then, for any rational credence function Pr

and for all A, B:

Pr(A > B) = Pr(A� B)

The proof is elementary:

i. PrA(B) + PrA(¬B) = 1 (SEM)
ii. Pr(A > B) + Pr(A > ¬B) = 1 (i, Subjunctive Ramsey)
iii. Pr(A > B) + Pr(¬(A� B)) = 1 (ii, Duality)
iv. Pr(A > B) + 1− Pr(A� B) = 1 (iii, PC)
v. Pr(A > B) = Pr(A� B) (iv, algebra)
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